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We can apply the various orthogonality theorems about characters to de-

termine the character table of the 4-dimensional permutation group S4. The
theorems we need are
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The last line is the row orthogonality theorem, which states that any two
rows (that is, rows for different characters) in a character table are orthog-
onal. It is proved in Zee’s book in Chapter II.2, Appendix 4, so I won’t go
through the proof here.

In these formulas, χ(r) (c) is the character (trace of the representation
matrix) of class c in representation r, nc is the number of group elements
in class c, N (G) is the total number of elements in the group G and nr
is the number of times an irreducible representation r appears in a general
representation. If we apply 2 to an irreducible representation, then nr = 1
for that representation and 0 for all others.

We also need the theorem

∑
r

d2
r =N (G) (4)

where dr is the dimension of representation r.
For a permutation group, all elements with the same cycle structure fall

into a single equivalence class, and the members of each class all have the
same cycle structure. For S4, there are 5 different cycle structures, as shown
in Table 1.

We’ll explain these entries and fill in the remaining ones as we go.
The possible cycle structures are
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Class

Representation
nc 1 1̄ 2 3 3̄

I 1 1 1 2 3 3

(12)(34) 3 1 1 x

(123) 8 1 1 y

(12) 6 1 −1 z

(1234) 6 1 −1 w

TABLE 1. Character table for S4.

• The identity, which we’ll label class 1, in which no permutation
occurs.
• Two independent swaps, as in (12)(34). There are 3 elements in

this class: (12)(34), (13)(24) and (14)(23). Other elements with
the same cycle structure are the same as one of these elements, since
(12) = (21) and so on. This class consists of an even permutation,
since an even number (2) of swaps is performed.
• A 3-cycle such as (123). There are 8 of these elements. The num-

ber of ways of choosing 3 elements from 4 without regard for the
order is given by the binomial coefficient

(4
3

)
= 4, but for each

such selection there are two possibilities. For example, (123) and
(132) are distinct permutations. Thus there is a total of 8 elements.
These elements require an even number of swaps. For example
(123) = (12)(23).
• A single swap, such as (12). There are

(4
2

)
= 6 ways of choosing 2

elements from 4 without regard to order, and since an element such
as (12) is the same as (21), these 6 elements are all that are in this
class. A single swap is an odd number of swaps.
• A permutation involving all 4 elements, such as (1234). There are

3!= 6 ways of rearranging the last 3 elements that give unique cycle
structures, and all other permutations of 4 elements are equivalent to
one of these cycles. For example (2413) can be cyclically permuted
to give (1324) and is thus equivalent to (1324).

As a check, we add up the number of elements in each class to get

∑
c

nc = 1+3+8+6+6 = 24 = 4! =N (G) (5)
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To determine the number of representations (I’ll always be talking about
irreducible representations in this post), we use 4. We need a sum of squares
of 5 positive integers that is equal toN (G) = 24. The largest possible value
for one of the drs is therefore 4. If we try this, then we must have a sum of
square of 4 integers equal to 24− 42 = 8. A bit of experimentation shows
that this is not possible. If one of the remaining drs is 2, say, then we need
a sum of squares of the remaining 3 integers to be 8− 22 = 4, which is
impossible. Setting all 4 remaining drs to 1 gives us only 4.

A bit more experimentation gives us the only possible combination, which
is

∑
r

d2
r = 12 +12 +22 +32 +32 = 24 (6)

Thus there are two one-dimensional representations, one 2-dim, and two
3-dim representations. This explains the column labels in Table 1.

The identity representation always represents all elements by an identity
matrix. Thus the character of I is always the dimension of the represen-
tation, which explains the top row in Table 1. The 1 column in the table
shows the characters of the classes in the identity, or trivial, representation.
Since all elements are the same, they are all equal to 1, and the characters
are the same as the representations, so all the characters are 1 as well.

To get the 1̄ characters, we observe that the product of two even permuta-
tions is another even permutation, as is the product of two odd permutations
(by ’product’ I mean the application of two permutations in succession).
The product of an even and an odd permutation is an odd permutation. We
can give a 1-dim representation of this behaviour by assigning +1 to even
permutations and −1 to odd permutations. Again, since the representation
is 1-dim, the characters are the same as the representations, giving the 1̄
column in Table 1.

We haven’t actually used any of the orthogonality conditions to derive
these results so far, but we should check that they are satisfied. For example,
if we apply 1 to 1 and 1̄, we have

∑
c

nc

[
χ(1) (c)

]∗
χ(1̄) (c)= 1·1 ·1+3 ·1 ·1+8 ·1·1+6 ·1 ·(−1)+1 ·1 ·(−1)= 0

(7)
So far, so good.

Finding the 2, 3 and 3̄ characters is a bit trickier. Consider the 2 charac-
ters. In Table 1, I’ve labelled the unknown characters by x,y,z,w. If we
apply 2 we have
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∑
c

ncχ
(2)∗ (c)χ(2) (c) = 22 +3x2 +8y2 +6z2 +6w2 = 24 (8)

We can also require 2 to satisfy 1 when compared with 1 and 1̄. Comparing
2 with 1 gives us

∑
c

nc

[
χ(1) (c)

]∗
χ(2) (c) = 2+3x+8y+6z+6w = 0 (9)

Comparing 2 with 1̄ gives us

∑
c

nc

[
χ(1̄) (c)

]∗
χ(2) (c) = 2+3x+8y−6z−6w = 0 (10)

Subtracting 10 from 9 gives us

z =−w (11)

Adding 10 and 9 gives us

2+3x+8y = 0 (12)

or

y =−
(

1
4
+

3
8
x

)
(13)

If we’re seeking characters that are integers (I don’t know that this is a
necessary assumption, since it’s possible that fractional or even irrational
values might satisfy these conditions, but as a first guess, we might as well
try to find the simplest character values), we can try out some values of
x to see which values give an integer for y. The smallest positive value
that works is x = 2,which gives y = −1. Plugging these into 8, we find
that z = −w = 0 gives the required sum, so the possible solution is x = 2,
y = −1, z = w = 0. You can explore negative values for x, but the first
value (descending from 0) that works is x = −6, giving y = 2. However,
these values violate 8. Thus we can be reasonably sure that we’ve found the
characters for the 2 class, as shown in Table 2.

We can apply the same logic to find the characters for 3. Using the same
labels x,y,z,w (hopefully without confusion) for the unknown characters
and applying the orthogonality conditions, we have
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Class

Representation
nc 1 1̄ 2 3 3̄

I 1 1 1 2 3 3

(12)(34) 3 1 1 2 x

(123) 8 1 1 −1 y

(12) 6 1 −1 0 z

(1234) 6 1 −1 0 w

TABLE 2. Character table for S4 with the 2 representation.

∑
c

ncχ
(3)∗ (c)χ(3) (c) = 32 +3x2 +8y2 +6z2 +6w2 = 24 (14)

∑
c

nc

[
χ(1) (c)

]∗
χ(3) (c) = 3+3x+8y+6z+6w = 0 (15)

∑
c

nc

[
χ(1̄) (c)

]∗
χ(3) (c) = 3+3x+8y−6z−6w = 0 (16)

Note that these are the same as the equations for the 2 representation except
for the first term in the sums on the RHS. Adding and subtracting 15 and 16
we get

z =−w (17)

y =−3
8
(1+x) (18)

We can get integer values for x and y by choosing x = −1 and y = 0.
Plugging into 14 we obtain

32 +3 · (−1)2 +0+12z2 = 24 (19)
which gives

z2 = 1 (20)
so

z =−w =±1 (21)
It doesn’t appear to matter which sign we choose for z and w, as both values
satisfy the orthogonality conditions.



CHARACTER TABLE FOR S4 6

Class

Representation
nc 1 1̄ 2 3 3̄

I 1 1 1 2 3 3

(12)(34) 3 1 1 2 −1 −1

(123) 8 1 1 −1 0 0

(12) 6 1 −1 0 −1 1

(1234) 6 1 −1 0 1 −1
TABLE 3. Complete character table for S4.

The analysis for the 3̄ representation is identical to that for 3, so we get
the same results. However, we do need to ensure that 3 and 3̄ are orthogonal,
which can be done if we choose the opposite signs for z and w in 3̄. Thus
we have Table 3. (Zee’s character table in Chapter II.3 shows the opposite
signs for 3 and 3̄ in the bottom two rows, but both tables are valid).

Checking that 3 and 3̄ are in fact orthogonal, we have

∑
c

nc

[
χ(3̄) (c)

]∗
χ(3) (c)= 1 ·3 ·3+3 ·(−1)·(−1)+8 ·0·0+6 ·(1)·(−1)+6 ·(−1)·1= 0

(22)
We can check the orthogonality explicitly for a couple of other cases.

Comparing 2 with 3 we have

∑
c

nc

[
χ(2) (c)

]∗
χ(3) (c)= 1·2 ·3+3 ·2 ·(−1)+8 ·(−1)·0+6 ·0·(−1)+6 ·0 ·(1)= 0

(23)
Or comparing 1̄ with 3̄:

∑
c

nc

[
χ(1̄) (c)

]∗
χ(3̄) (c)= 1 ·1 ·3+3 ·1 ·(−1)+1·1 ·0+6 ·(−1)·1+6 ·(−1)·(−1)= 0

(24)
and so on.

Although we have the character table for S4, we’re still missing the ac-
tual representation matrices (apart from the 1-dim cases), and I really don’t
know how we’d go about finding these.

For an alternative method of finding the character table using the regular
representation, see here.

http://physicspages.com/pdf/Group%20theory/Character%20table%20for%20S4%20using%20the%20regular%20representation.pdf
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